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Abstract: In this paper, a class of standard cubic congruence of modulus positive- integer
multiple of nine is formulated. Formulation of solutions is the merit of the paper. The formula
is tested true by solving suitable examples. No Previous formulation was found in the
literature. First time a formulation is established.
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Introduction

Congruence is called the heart of Number Theory and it is an important branch of
Mathematics. It is said that Number theory is pivoting the modern industrial development.
Such is the importance of this theory. Even a very little is done on it. Cubic congruence is a
part of it. But nothing is found in the literature.

A congruence of the type x3 = a (mod m) is called a standard cubic congruence. If a is
cubic residue of m, then the congruence is called solvable. If m is prime or composite, then
the congruence is called of prime or composite modulus. Every residue is a solution of a
cubic congruence. The cube of a residue is called a cubic-residuei.e. if r is a residue of m
and r3 = a(mod m), then a is called a cubic residue of m.

Some cubic congruence has a unique solution; some has exactly three solutions while some
other has more than three solutions. Here, a class of standard cubic congruence having
exactly three solutions is under consideration.

Literature Review

Much had been written on quadratic congruence but nothing is found in the literature of
mathematics on cubic congruence. | have formulated many standard quadratic congruence of
prime and composite modulus. | had gone through many books on Number Theory and found
many materials about quadratic congruence but only a definition of standard cubic
congruence (Thomos Koshy, 2007). No one cared the cubic congruence.
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Need of Research

A cubic Congruence is an essential part of congruence in number theory and | tried my best
to improve the theory by formulating the solutions. Formulation of solution is the main aim
of this study. No formulation was found in the literature. But the use of Chinese Remainder
Theorem. To establish a formula is the need of my research.

Problem-Statement
To formulate the solutions of standard cubic congruence of the type
x3 = b3 (mod 9m); m being any positive integer.
The formula for all the solutions of it would be proved to be as:
x = 3mk + b (mod 9m), m being any positive integer with k = 0,1, 2.

Analysis and Result (Formulation)

Consider the cubic congruence of the type

x3 = b3 (mod 9m); m being a positive integer.

For x = 3mk + b (mod 9m),

It can be seen that x> = (3mk + b)?3
= (3mk)3 + 3.(3mk)?.b + 3.3mk.b? + b3
=9mk(.....) + b3
= b3 (mod 9m)

Thus, we see that x = 9mk + b satisfies the standard cubic congruence under consideration.
Hence, it is a solution of it for some positive integer k i.e.k = 0,1,2,3, ... ....

For k = 0,1, 2 we get three different values of x as solutions of the congruence.

But for k = 3, we get the same solution as for k=0; also for k=4 we get the same solution as
for k=1; for k=5, the solution is the same for k=2; also for k=6, we get the same solution as
for k=0. Thus we conclude that there are three different solutions of the congruence under
consideration.

We also know that every residue of 9m is a solution of the cubic congruence (Zuckerman et
al., 2008) and every congruence has exactly three solutions; hence there must be %(9m) =
3m congruence.

Formulation
In the conclusion, it can be said that the congruence under consideration
x3 = b3 (mod 9m) has exactly three solutions given by x = 3mk + b (mod 9m) for

k =0,1,2; ma positive integer and there are % (9m) = 3m such solvable congruence.

Illustrations

Consider the congruence x3 = 28 (mod 81)

It can be written as x3 = 28 + 12.81 = 1000 = 103 (mod 81) which is of the type x3 =
b3 (mod 9.9) (Roy, 2016).

Having solutions given by x = 3mk + b (mod 9.9) with k = 0, 1, 2.

Here we have b = 10,m =9

Therefore, corresponding solutions are x = 3.9.k +10 (mod 81) with k = 0,1, 2.
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= 27k + 10 (mod 81) with k = 0,1, 2.
= 10,37, 64 (mod 81)

Therefore, required solutions are x = 10,37, 64 (mod 81).
It is also found that the congruence has no other solutions.

Now consider a more general congruence x3 = b3 (mod 54)
As m=6, hence there are g (54) = 18 such congruence each having exactly three solutions
given by x = 3mk + b (mod 54) i.e.x = 18k + b (mod 54)for k = 0,1,2

Thus, all the 18-congruence with three solutions each are:
x3 = 13 (mod 54) with solutions x = 1,19,37 (mod 54)
x3 = 23 (mod 54) with solutions x = 2,20, 38 (mod 54)
x3 = 33 (mod 54) with solutions x = 3,21,39 (mod 54)
x3 = 43 (mod 54) with solutions x = 4,22,40 (mod 54)
x3 = 53 (mod 54) with solutions x = 5,23, 41(mod 54)
x3 = 63 (mod 54) with solutions x = 6,24,42 (mod 54)
x3 = 73 (mod 54) with solutions x = 7,25,43 (mod 54)
x3 = 83 (mod 54) with solutions x = 8,26,44(mod 54)
x3 = 93 (mod 54) with solutions x = 9,27,45(mod 54)
x3 = 103 (mod 54) with solutions x = 10, 28,46 (mod 54)
x3 = 113 (mod 54) with solutions x = 11, 29,47 (mod 54)
x3 = 123 (mod 54) with solutions x = 12,30, 48 (mod 54)
x3 = 133 (mod 54) with solutions x = 13,31,49 (mod 54)
x3 = 143 (mod 54) with solutions x = 14,32,50(mod 54)
x3 = 153 (mod 54) with solutions x = 15,33,51 (mod 54
x3 = 163 (mod 54) with solutions x = 16,34,52 (mod 54)
x3 = 173 (mod 54) with solutions x = 17,35,53(mod 54)
x3 = 183 (mod 54) with solutions x = 18,36,54(mod 54)

w

Conclusion
Thus, we conclude that the congruence x3 = b3 (mod 9m), has exactly three incongruent
solutions given by x = 3mk + b (mod 9m)for k = 0, 1, 2 and for any positive integer m.

Merit of the Paper

Formulation of the solutions of the standard cubic congruence is the merit of the paper. A
direct formula is established for the solutions. It makes the effort comfortable to find the
solutions.
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